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ABSTRACT: When adsorbing guest molecules, the porous
metal−organic framework MIL-53(Cr) may vary its cell
parameters drastically while retaining its crystallinity. A ﬁrst
approach to the thermodynamic analysis of this “framework
breathing” consists of comparing the osmotic potential in two
distinct shapes only (large-pore and narrow-pore). In this
paper, we propose a generic parametrized free energy model
including three contributions: host free energy, guest−guest
interactions, and host−guest interaction. Free energy land-
scapes may now be constructed scanning all shapes and any adsorbed amount of guest molecules. This allows us to determine
which shapes are the most stable states for arbitrary combinations of experimental control parameters, such as the adsorbing gas
chemical potential, the external pressure, and the temperature. The new model correctly reproduces the structural transitions
along the CO2 and CH4 isotherms. Moreover, our model successfully explains the adsorption versus desorption hysteresis as a
consequence of the creation, stabilization, destabilization, and disappearance of a second free energy minimum under the
assumptions of a ﬁrst-order phase transition and collective behavior. Our general thermodynamic description allows us to
decouple the gas chemical potential μ and mechanical pressure P as two independent thermodynamic variables and predict the
complete (μ, P) phase diagram for CO2 adsorption in MIL-53(Cr). The free energy model proposed here is an important step
toward a general thermodynamics description of ﬂexible metal−organic frameworks.
I. INTRODUCTION
Metal−organic frameworks (MOFs) form an intriguing class of
materials, whose extraordinary physicochemical and mechanical
properties have attracted the attention of scientists over the last
ten years.1,2 MOFs are porous crystalline materials with metal
ions or clusters as the nodal points and organic linkers regularly
arranged in between them. A large number of structures have
been synthesized up to date due to the large variety in possible
combinations of organic and inorganic subunits.3,4 Research has
mainly focused on the discovery of new structures resulting in
more than 10 000 of these MOFs, illustrating the broad
chemical versatility.5−7 Because of their large internal surface,
the main promise of MOFs so far is in gas storage, puriﬁcation,
and separation.8−13
Some of these materials have remarkable stimuli-responsive
behavior, i.e., their ability to undergo reversible, large-amplitude
structural deformations under external physical stimuli such as
temperature,14 mechanical pressure,15 light,16 or gas or liquid
exposure.4 The latter stimuli, the guest-induced structural
transitions, have been widely studied in the literature and are
often referred to as the “breathing” phenomenon.17
Only a limited number of MOFs show this extraordinary
behavior (for example MIL-8818 and MIL-5319), where cell
parameters may vary drastically, while the material retains its
crystallinity. MIL-53 is the most commonly known framework
exhibiting breathing. The structure is made up of corner-
sharing metal (Cr,19,20 Al,21 Fe,22,23 Ga,23...) octahedral clusters
interconnected with benzenedicarboxylate organic ligands,
creating a three-dimensional structure with an array of one-
dimensional pore channels. The breathing was shown to be
critically dependent on the metal at the nodal points24−26 as
well as on the functionalization of the linkers.27,28 Figure 1
shows the two forms of MIL-53(Cr). At high temperature,
MIL-53(Cr) takes the large pore (lp) form, but it may switch to
its narrow pore (np) variant with changing temperature or
pressure or by adsorption of guest molecules such as CO2.
14,15
The two forms of the material have the same chemical
composition and connectivity and diﬀer only in their pore
width. The structural changes have been observed with powder
X-ray diﬀraction,29,30 neutron scattering,31 and infrared experi-
ments,29 which showed a prominent hysteresis eﬀect in the
adsorption versus desorption isotherms. Computational simu-
lations have been conducted with various guest species to
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investigate the bistable character using quantum and force-ﬁeld
calculations.32−37
A great challenge consists in understanding the factors that
govern these dynamic structural transitions. Theoretical models
developed to study the thermodynamics of ﬂuid adsorption
usually consider the host matrix as a completely rigid
framework, but structural transitions clearly require allowing
shape changes in the model. Coudert et al. described the
structural transition from a thermodynamic point of view, by
comparing the grand potential in the osmotic ensemble for
both the large pore and narrow pore forms based on
experimental data.38 Neimark et al. continued this work and
developed a stress-based model, by deﬁning an osmotic stress
which initiates the transitions.39 Triguero et al. proposed a
deformation mechanism of the transition occurring via layer-by-
layer shear, where subsequent two-dimensional layers are
temporarily not in the same form.40 In other materials, the
search for theoretical explanations of structural changes remains
an active research question as well. For instance, Düren et al.
investigated N2 adsorption isotherms in the zeolite ZIF-8 with
grand canonical Monte Carlo (GCMC) and explained the
observed steps in the isotherms as a gating mechanism by
linkers reorientation (no signiﬁcant volume change),41 while
Paesani et al. simulated the eﬀect of the number of adsorbed
benzene and isopropyl alcohol molecules on the volume and
shape of the MOF material DMOF-1 with molecular
dynamics.42 In those studies, a molecular explanation of the
observed hysteresis is based on comparing the free energies of
the two distinct lp and np forms, but intermediate shapes are
not considered. Recently, a Wang−Landau-based Monte Carlo
sampling method has been proposed to allow eﬃcient sampling
of the osmotic ensemble, which led to free energy landscapes as
a function of the volume.43
In this paper, we propose a thermodynamic model to predict
the conditions for structural transitions. In the osmotic
ensemble, the thermodynamic control parameters are the
amount of MOF material, the temperature, the gas chemical
potential, and the mechanical pressure on the crystal.38 We
propose a generic free energy expression for this ensemble,
which consists of a contribution from the host material, the
guest molecules, and the host−guest interaction. This free
energy shows the inﬂuence of the external chemical potential
and external pressure, for a given host material and an
adsorbate gas. Parametrization of an analytic expression for the
free energy makes the simulation of free energy landscapes as a
function of all shapes (not only the lp and np, but also
intermediate shapes) computationally cheap. This allows us to
determine in a straightforward fashion which phase of the
material is most stable for any combination of external gas
chemical potential and pressure and to rationalize which factors
determine the experimentally observed hysteresis in the
adsorption isotherm. The proposed thermodynamic model
aims at (i) predicting whether a material breathes, (ii)
reproducing the isotherm with the hysteresis on the structural
transitions, and (iii) constructing the complete phase diagram
in terms of the external chemical potential and pressure. The
latter phase diagram has not been explored before because, in
standard gas adsorption experiments, the chemical potential
and pressure are not varied independently. From a theoretical
point of view, the complete phase diagram gives insight into the
factors contributing to breathing.
In section II, the osmotic ensemble is presented as the
thermodynamic ensemble for adsorption-induced structural
transitions. The external chemical potential and pressure are
two independent variables for which a phase diagram with lp
and np regions can be constructed. In section III, the shape
descriptor is simpliﬁed from a strain tensor η ̿ to a single
parameter δ. A free energy model is built up from three
contributions: the empty host material, the interacting guest
molecules, and the host−guest interactions. One of the key
points in our rationale is the analytical function of the free
energy proﬁle of the empty host, based on the assumption of
collective behavior for all unit cells of a crystal grain. The
necessary model parameters are derived for MIL-53(Cr) with
CO2 and CH4 as gas adsorbates, based on a combination of
experimental data and simulated Monte Carlo data. These two
gases are good examples to test the model because experiments
indicate that CO2 causes breathing while CH4 does not at room
temperature.30 Moreover, MIL-53(Cr) has been proposed for
the separation of these two fuel combustion gases.44 In section
IV, our free energy model is applied to predict the phase
behavior in an isotherm measurement. The proposed
mechanism of creation, stabilization, destabilization, and
disappearance of a second minimum in the free energy surface
explains the hysteresis eﬀect between adsorption and
desorption. Our reasoning is not based on a threshold thermal
average energy that should be available to overcome the barrier
(as proposed by Miyahara et al.45 or Bousquet et al.43) but
assumes a ﬁrst-order phase transition characterized by a
collective transition of the system when the barrier disappears.
Carbon dioxide is correctly predicted to make MIL-53(Cr)
breathe, while methane is not, in accordance with experiment.
This demonstrates that our model encompasses the key factors
Figure 1. MIL-53 material with cell parameters a, b, c has one-
dimensional channels (view along the c axis).19 The material can
switch between the large-pore (lp, upper ﬁgure) and narrow-pore (np,
lower ﬁgure) shape under the inﬂuence of stimuli such as pressure (P)
and temperature (T). The most ﬂexible point was identiﬁed to be the
connection between the inorganic chain and carboxylic function of the
terephthalate.29 The diagonal D in the a, b plane corresponds to the
length of two linkers and is approximately constant. The shape
parameter δ is deﬁned as the deviation from π/2 of the angle between
the diagonals. The color red represents oxygen, white hydrogen, gray
carbon, and brown chromium.
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that cause breathing. Next the complete (μ, P) phase diagram is
constructed. Finally the inﬂuence of the model parameters on
this phase diagram is investigated. We expect that our
methodology is generally applicable and able to predict
whether a material breathes and at what conditions of gas-
phase chemical potential and external pressure.
II. THERMODYNAMICS: THE OSMOTIC ENSEMBLE
A. Constant (n, μ, P, T) Ensemble. The thermodynamics
of gas adsorption in a ﬂexible porous material are governed by
the following thermodynamical variables: the amount of host
material, which we express by the number of unit cells of the
host material (n), the chemical potential of the adsorbed gas
molecules (μ), the mechanical stress tensor (Cauchy stress
tensor σ̿), and the temperature (T) (see Figure 2). It is
instructive to compare this general setup with the typical
experimental setup for measuring an isotherm, in which, for
example, the weight of the sample is measured as a function of
the pressure. In such a system, the stress is equal to (the
negative of) the isotropic gas, and the gas pressure is coupled to
the chemical potential through the equation of state. However,
in addition to this gas pressure one can apply an additional
force. For example, in geological formation such stresses are
very common, and these forces are completely independent of
gas pressure. Poromechanics is another example where
chemical potential and pressure are typically decoupled.46 In
this paper, the stress is caused by an isotropic gas pressure P (σij
= −Pδij, see Supporting Information (S.I.)), unless stated
otherwise. The resulting constant (n, μ, P, T) ensemble is an
example of an osmotic ensemble (Figure 2).47−49
The term osmotic ensemble is generally used for a two-
component system where one component has a constant
amount of molecules, while the other has a constant chemical
potential. In the case of gas adsorption in MOFs, the amount of
MOF material and the chemical potential of the gas are kept
constant. The osmotic thermodynamic potential, here denoted
by X(n, μ, P, T), is the free energy of the ensemble and can be
seen as a generalization of the grand canonical potential, where
besides particle insertions also volume changes caused by the
structural transitions are allowed. In section III an analytical
model is proposed for this free energy.
B. Gas Adsorption Experiments. Since the discovery of
MIL-53(Cr) in 2002,19 its phase behavior has been investigated
thoroughly using adsorption experiments. In vacuum, the
observed MIL-53(Cr) structure at 300 K is the large-pore (lp)
shape. In an adsorption experiment, the material is brought in a
chamber ﬁlled with gas. The gas pressure is gradually increased
while keeping the temperature constant. The amount of gas
molecules adsorbed in the pores of MIL-53 is monitored as a
function of the pressure using gravimetrical or volumetrical
measurements.
For instance, when bringing the material in a chamber ﬁlled
with CO2 gas at approximately 1 bar and at 304 K, the structure
adsorbs gas molecules and shrinks to its narrow-pore (np)
shape. It corresponds with a ﬁrst plateau in the isotherm.
However, the structure returns to its original lp shape when the
CO2 pressure is brought above approximately 6 bar. On the
isotherms this is manifested by a sudden increase of the
adsorption ending with a second plateau. In the desorption
process a slightly diﬀerent behavior is noticed due to hysteresis.
Both lp→np and np→lp transitions occur at lower pressures in
the desorption process.
The situation is diﬀerent for an adsorption experiment with
CH4 gas, where no such breathing is observed at room
temperature.30 The structure retains its lp phase. The diﬀerence
between CO2 and CH4 adsorption lies in the interactions of the
gas molecules with the host material. According to micro-
calorimetric experiments, the heat of adsorption is comparable
for CO2 and CH4 in the lp phase, but the adsorption of CO2 is
much more favorable than the adsorption of CH4 in the np
phase.50
C. (μ, P) Phase Diagram. In the standard isotherm
adsorption experiments, the chemical potential of the gas (μ) is
directly related to the gas pressure (P) in the chamber through
the equation of state of the gas: P = P(μ, T). Nonetheless, in
variations of the experiment, the chemical potential and
pressure on the MOF material can be decoupled such that
they become independent control variables. For instance, an
additional mechanical pressure can be realized by pressing the
MOF crystal between diamond tips. Alternatively, shear stress
can be generated by attaching the crystal between two
substrates (or embedding in mesoporous matrices) and pulling
the substrates in opposite directions, possibly giving an
anisotropic Cauchy stress tensor.
In our thermodynamic analysis, the chemical potential and
pressure are considered as two independent variables as well.
Determining the “phase” (lp or np) for each combination of μ
and P leads to the complete (μ, P) phase diagram at constant T.
The equation of state is then a single line on the phase diagram.
The decoupling of μ and P is helpful in extending the osmotic
ensemble to chemical potentials of mixtures44,51 and partial
pressures in a thermodynamically correct way.
We propose the hypothetical scheme in Figure 3 for the
phase diagram of a breathing material. The large-pore shape is
assumed to be the equilibrium structure in the absence of
molecules (μ very low) and pressure (P = 0), which
corresponds to the left bottom corner of the phase diagram.
Let us discuss three cuts through the surface.
In the horizontal cut (1), the chemical potential is kept
constant at a very low value, such that the host is basically
empty. Experimentally, one would apply a mechanical stress on
the host material in vacuum. By applying external stress (i.e.,
squeezing the material), the structure eventually collapses at a
certain transition pressure Pt to attain its narrow-pore shape.
However, along a horizontal cut (1′) at higher chemical
potential, where adsorbate molecules ﬁll up the pores, the
Figure 2. Adsorption of gas molecules in the pores and channels of the
framework is described by the osmotic ensemble (n, μ, P, T) with
constant number n of unit cells (u.c.) of the porous host material,
constant chemical potential μ of the guest molecules, constant
pressure P (gas pressure and/or mechanical pressure), and constant
temperature T. The relation between the stress tensor σ̿ and pressure
P is given by σij = −Pδij in the standard adsorption experiments.
The Journal of Physical Chemistry C Article
dx.doi.org/10.1021/jp311601q | J. Phys. Chem. C 2013, 117, 11540−1155411542
pressure can reach high values while remaining in the lp phase.
This explains why the lp phase extends quite far to the right in
the upper right corner of the phase diagram.
In the vertical cut (2), the pressure is kept constant, while the
chemical potential varies. Experimentally, one could achieve
this by varying the gas pressure such that the chemical potential
varies, while an extra mechanical pressure is executed on the
material to keep the total pressure constant. If the adsorption of
molecules in the narrow-pore structure is more favorable than
in the large-pore structure, the structure will collapse at some
transition chemical potential μt. The higher the chemical
potential, the higher the number of adsorbed molecules. Once
the narrow is fully ﬁlled and the repulsion between the
adsorbed molecules is too high, it becomes more favorable for
the molecules to adsorb in the lp phase than in the np phase. In
such a scenario, the large-pore shape is favored to
accommodate even more molecules, such that a second
transition occurs at μt′. The intermediate np region depends
clearly on the balance between the favorable interactions and
the available pore volume. If the interactions between host and
guest molecules are too weak, the ﬁrst transition at μt does not
take place, and the np region is absent. If the interactions are
too strong, the ﬁrst transition at μt occurs at extremely low
chemical potential, and the np region extends to the bottom of
the phase diagram. If the temperature increases, the np region is
expected to become smaller: the entropic eﬀects, which scale
with temperature and in general favor bigger volumes, i.e., the
lp phase, can become stronger than the energetic eﬀects of the
guest−host interactions. The presence of the np region
surrounded by a lp region is a condition for the occurrence
of the breathing eﬀect.
The last cut (3) mimics the standard experimental situation
in which the external pressure is equal to the gas pressure. In
this case the pressure and the chemical potential cannot be
changed independently but are related through the equation of
state μ(P,T) of the gas in the gas chamber. The cut on the plot
represents the equation of state of an ideal gas, for which μ = μ0
+ kBT ln P/P0, with (μ0, P0) being the values at a reference
state, kB the Boltzmann constant, and T the temperature. With
increasing pressure (or, equivalently, increasing chemical
potential), two transitions occur: lp→np followed by np→lp.
These two transitions are usually referred to as the breathing
ef fect. These results show that for such a system the condition
for the breathing eﬀect is the equation of state that intersects
with the np region.
One could also imagine negative pressures, which would
correspond to pulling the framework crystal isotropically. No
such experimental setup for MIL-53 has been designed so far,
but it is important to note that these negative pressures are
experimentally accessible. One could envision that these
materials are embedded in a polymer ﬁlm. In such membranes
such negative pressures can occur. It seems reasonable that the
np region disappears on the left-hand side beyond a certain
threshold negative pressure Pt′. Indeed, when “pulling” the
crystal strongly enough, the material will open even when the
molecules inside the pores prefer to adsorb in the narrow-pore
shape.
D. Collective Phase Transitions. Intrusion experiments
performed with MIL-53(Cr) give us additional viable
information about the thermodynamics of the empty crystals.
The crystal powder is brought under isotropic stress (pressure
P) by dispersing the powder in mercury liquid and
subsequently pressing the liquid. As mercury molecules are
too large to enter the pores, the measured volume change must
be caused by compression of the empty MIL-53 unit cells.
Beurroies et al. and later Neimark et al. found an lp→np
transition at (550 ± 150) bar and the reverse np→lp transition
at (100 ± 100) bar.15,52 The discontinuous shape transition is
accompanied by a hysteresis loop, suggesting that the crystal
undergoes a ﬁrst-order phase transition (cf. Landau theory in
magnetism) and collective behavior. We now brieﬂy discuss the
impact of these two suggested properties.
The ﬁrst-order phase transition is induced by the pressure as
a control variable. Under the inﬂuence of increasing pressure,
the PV term in the free energy can destabilize the lp shape. The
discontinuous character of the transition implies that the free
energy proﬁle Fhost of the empty host as a function of volume
has two inf lection points (∂2Fhost/∂V
2 = 0) located between the
lp and np volumes. The region between these inﬂection points
is then unstable (∂2Fhost/∂V
2 < 0).
A single-crystal grain in the MIL-53 powder can be regarded
as a system consisting of unit cells that have to transition
simultaneously because of geometrical constraints. It is not
possible for this periodic structure that a few unit cells take the
lp shape, while neighboring unit cells take the np shape, except
in a layered organization. The existence of an intermediate lp/
np shape where the lp and np shapes alternate in layers has
indeed been suggested by, e.g., force ﬁeld calculations by
Ghouﬁ et al.53 Because of the geometrical constraints, the
transition between the lp shape, np shape, and intermediate
layered shape should take place collectively for all unit cells
within each layer. Triguero et al. wrote a clear, illustrated
discussion how phase transformations of the MIL-53 topology
should occur in a cooperative manner and necessarily involve
an entire layer of cells, all of which must be in the same shape.40
The present paper adopts a single unit cell as a building block
of the periodic structure and thus does not support the
situation with alternating lp/np layers. Due to this simpliﬁca-
tion, these intermediate shapes are neglected, and the
assumption of collective behavior results in an identical shape
Figure 3. Hypothetical (μ, P) phase diagram of breathing framework
at constant T and constant number of unit cells, with exp(βμ) on the
vertical axis, β = 1/kBT. Solid red line indicates the border between the
large-pore (lp) and narrow-pore (np) phase. Dashed lines are three
cuts: (1) constant μ (1 is empty, 1′ is full), (2) constant P, (3)
equation of state μ(P) of an ideal gas. Transition pressures Pt and Pt′
and transition chemical potentials μt and μt′ lie on the border between
the lp and np regions.
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for all unit cells. Nevertheless, our model could be extended
toward the description of super cells and mixed lp/np phases
(i.e., by the introduction of additional shape parameters in
section III).
Collective behavior can lead to hysteresis as follows. Assume
MIL-53 is in the lp shape at zero pressure, meaning that the lp
shape is a local minimum of the free energy proﬁle. The PV
term may create or stabilize a second minimum at the np phase:
with increasing pressure, it becomes more favorable for the
system to take a smaller volume. When the np phase becomes
more stable than the lp phase, the lp→np transition can not
immediately take place, because collective behavior of the
periodic system is assumed: all unit cells have to transition
simultaneously. Even the tiniest free energy barrier per unit cell
represents a huge barrier for the total crystal grain. The
transition is then only possible when the free energy barrier
disappears, i.e., as soon as the increasing pressure makes the lp
phase no longer be a local free energy minimum, pushing the
system into the np phase. Similarly, decreasing the pressure will
cause the reverse np→lp transition when the np phase is no
longer a free energy minimum state. The hysteresis then follows
from the diﬀerence in pressure when the lp phase versus the np
phase disappear.
Outgassed (empty) MIL-53(Cr) crystals take the lp shape at
approximately 300 K.29,30,37,50 This implies that there is only
one minimum (lp shape) in the free energy proﬁle as a function
of volume. Indeed, if a second minimum (np shape) were to be
present, hysteresis could cause the system to remain in the np
shape at 300 K. As only the lp shape is found experimentally,
the proﬁle should have a sole minimum at the lp phase. Note
that a one-well potential at 300 K is not in contradiction with
the two-well potentials that have been calculated in the
literature quantum mechanically at 0 K. The 0 K calculations
are missing the entropy contribution, which might stabilize the
lp shape with increasing temperature and make the np well
disappear at some transition temperature.
III. FREE ENERGY MODEL
The aim is to construct a free energy model that shows the
inﬂuence of the external pressure and the external chemical
potential, given a speciﬁc host material and an adsorbate gas. As
it is the intention to include all intermediate shapes in the
description (not only the lp and np shapes), an analytical
function is proposed for the osmotic potential that depends on
the shape of the unit cell and the number of adsorbed
molecules. First, the shape description is simpliﬁed from a
tensor quantity (the strain tensor) to a single scalar parameter
(δ). Next, the free energy F is assumed to consist of a
contribution from the host material, the adsorbed molecules,
and the interaction between host material and adsorbed
molecules. The three contributions to the free energy are
discussed as a function of this parameter δ. The functional form
of the free energy is then parametrized by ﬁtting to
experimental and simulated data. The key parameters are the
ﬂexibility of the empty host material, the equation of state of
the gas, and the interaction of the adsorbate molecules with the
host. Finally, a Legendre transform makes the transition to the
osmotic (n, μ, P, T) ensemble.
A. Shape Description. In contrast to liquids, solids resist
shear. Their stress and strain state are not guaranteed to be
isotropic but need to be expressed by a tensor quantity. In
continuum mechanics, the deformation of a body near a
reference point is characterized by the Lagrangian ﬁnite strain
tensor η ̿ (also called Green’s strain tensor)
η α α= −1
2
( 1)T
(1)
where α̿ is the deformation gradient tensor, with as
components the derivatives of the deformed material positions
x with respect to the reference material position X
α = ∂
∂
x
Xij
i
j (2)
where i,j are Cartesian indices. The tensor η ̿ has dimension 3 ×
3 and is symmetric (α̿ is not), such that the shape can be
described by six elements of η ̿.
The benzene−dicarboxylate linkers are quite rigid units.
Indeed, the diagonal D in the (a, b)-plane of the unit cell
(Figure 1) corresponds to two linker lengths and takes
experimental values of 21.213 and 21.192 Å for the lp and np
phase of MIL-53(Cr), respectively.19 It is thus justiﬁed to
assume a constant length for the diagonal.43 The cell vector in
the c-direction remains approximately constant as well.19
Moreover, we assume that the unit cell stays orthorhombic
while deforming. According to experiment, the β angle changes
by 15°,19 making the np unit cell monoclinic, but this change is
neglected in our model by keeping the angles α, β, and γ
constant. Under these assumptions, only one degree of freedom
can change in the orthorhombic unit cell: cell vectors a and b
will adapt their relative length to obey the constraint of the
constant diagonal as a2 + b2 = D2, D constant. Hence, in the
present model only one degree of freedom out of six is kept to
treat the ﬂexibility of the framework, which facilitates the
further model development.
We introduce the shape parameter δ, which is deﬁned as the
deviation from 90° between two diagonals in the (a,b) plane of
the unit cell (Figure 1). δ lies in the range −π/2 to π/2: the two
extreme values correspond to a fully collapsed framework.
Because the free energy diverges in the fully collapsed
framework, we construct a polynomial model for F in tan δ.
The limiting behavior F → ∞ when δ → ± π/2 is then easily
imposed by making the coeﬃcient of the highest power (even)
in tan δ strictly positive.
For MIL-53, three shapes play a role in this story (details in
S.I.): the reference shape where a = b = a0 (δ = 0), the large-
pore shape with a/b = 1.3 (δ = 14°, tan δ = 0.25), and the
narrow-pore shape with a/b = 2.7 (δ = 46°, tan δ = 1.05). The
ﬁrst has tetragonal symmetry and is taken as the reference state
with volume V0, while the last two shapes are orthorhombic and
are the experimentally observed ones. The volume V of a
particular shape is related to the shape parameter δ by the
equation V = V0 cos δ. Note that the OH groups attached to
the metal sites and the relative position of the linkers break the
symmetry, so shapes δ and −δ represent diﬀerent structures
despite having the same volume. The reference shape δ = 0 has
thus no special physical meaning (no symmetry point).
B. Free Energy. The system under consideration consists of
n unit cells of porous host material wherein N guest molecules
are adsorbed at a temperature T. We assume that the free
energy of a porous material in shape δ with N adsorbed
molecules can be expressed as the sum of three contributions:
the empty host material (Fhost), the N interacting guest
molecules in the pore volume (FN), and the interaction
between the host and guest molecules (Fint)
The Journal of Physical Chemistry C Article
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δ δ δ
δ
= +
+
F n N T F n T F n T T
F N T
( , , , ) ( , , ) ( , , , )
( , , )
Nhost
int (3)
In reality the Hamiltonian is a function of the positions of both
the host atoms and the guest atoms. Imposing that the energy
of the host is independent of the precise position of the guest
atoms, and vice versa, that the guest energies are independent
of the host atom positions, implies the separation in three parts
in eq 3.
C. Free Energy Fhost of the Empty Host. Fhost is the free
energy contribution of the empty host material as a function of
its shape. We postulate a proﬁle consistent with the
experimental observations: lp is most stable at 300 K, and
hysteresis occurs for structural changes induced by mechanical
pressure. As explained in section IID, these observations
suggest a free energy proﬁle as a function of volume with one
minimum at the lp shape and two inﬂection points, when the
pressure-induced hysteresis is regarded as a ﬁrst-order and
collective phase transition. The following fourth-order poly-
nomial in tan δ is proposed
δ δ δ δ
δ
= + +
+
F n T n k k k
k
( , , ) ( tan tan tan
tan )
host 1 2
2
3
3
4
4
(4)
where the free energy of the empty structure in the reference
shape δ = 0 serves as the reference. The coeﬃcients ki are
temperature dependent. The parameters express the resistance
to changes in shape (the ﬂexibility of the material). The
parameter k4 should be strictly positive to ensure the correct
divergence (Fhost→∞) when the structure fully collapses (δ→
±π/2).
The four parameters are ﬁtted to allow for the following
scenario for the empty host material. The lp phase is stable at
zero pressure (P = −∂Fhost/∂V = 0 at Vlp), while a transition to
the np phase is observed at higher pressure, with some
hysteresis on this transition when reverting the process. This
has been experimentally observed by Beurroies et al. with
mercury intrusion measurements on MIL-53(Cr).15,52 Due to
the high wetting angle, mercury does not enter the pores, but
nevertheless the ﬂuid exerts an external mechanical pressure on
the crystals. The transition lp→np and reverse transition np→
lp were measured to take place at approximately P1 = (550 ±
150) bar and P2 = (100 ± 100) bar, respectively.
52 The
corresponding transition volumes were measured to be
approximately V1 = 1200 Å
3 and V2 = 1400 Å
3 (S.I. of
ref.52). The Fhost proﬁle may reproduce this hysteresis if two
inﬂection points (∂2Fhost/∂V
2 = 0) are imposed at these
volumes and pressures. Moreover, calorimetric measurements
give a free energy diﬀerence of about 5 kJ/mol between the lp
and np phase.38 Coombes et al. calculated the energy quantum
mechanically at the experimental lp and np cell parameters and
found an energy diﬀerence of 42 kJ/mol at 0 K.34 Civalleri et al.
found a quantum mechanical energy diﬀerence in the range of
39−42 kJ/mol at 0 K for the fully relaxed structures of the MIL-
53(Al) using a variety of Grimme corrected density functionals
and estimated the entropy controbution from phonon
calculations to be around 16 kJ/mol at 300 K, giving a free
energy diﬀerence of approximately 23−26 kJ/mol for MIL-
53(Al).35 Bousquet et al. postulated a diﬀerence of 7.5 kJ/mol
and a barrier of 15 kJ/mol at 300 K.43 In this paper, we use a
free energy diﬀerence between volumes V1 and V2 of at least
ΔF12 = 10 kJ/mol, which is acceptable given the previous
ﬁndings in the literature and which gave transition pressures
close to the P1 and P2 values in the ﬁtting procedure (vide
infra). We are aware there is a given degree of arbitrariness in
the choice of ΔF12, and further investigation is recommended
to study the impact of the host proﬁle on the ﬁnal adsorption
induced hysteresis properties.
Six constraints are now imposed: (1) the lp structure is stable
at zero pressure; (2−3) the Fhost has two inﬂection points at the
transition volumes V1 and V2; (4−5) the pressure at these
inﬂection points is P1 and P2; and (6) the free energy barrier
between the lp and np phase is approximately ΔF12. Fitting the
four parameters in eq 4 with these six constraints leads to the
values in Table 1, and the ﬁtted Fhost is displayed in Figure 4.
Not all constraints may be satisﬁed simultaneously, and some
deviations are noticed. For instance, the transition pressures in
the ﬁtted proﬁle are 200 and 1100 bar. The free energy
diﬀerence ΔF12 is 10.7 kJ/mol, while the diﬀerence between the
experimental lp and np shape is 21.3 kJ/mol. The S.I. gives in
addition the pressure proﬁle and the second derivative proﬁle as
a function of volume, illustrating the instability region (∂2Fhost/
∂V2 < 0) between the two inﬂection points. We noticed that the
resulting proﬁle is sensitive to the speciﬁc value of the
parameters V1, V2, P1, P2, and ΔF12, which is thus a weak point
in the model development. In the future, signiﬁcant improve-
ment could be made if quantum mechanical free energy proﬁles
were available that provide a reliable entropy estimation
including anharmonicity eﬀects as a function of shape.
The quality of our host free energy proﬁle may be evaluated
by comparing the bulk modulus, deﬁned as K = −V∂P/∂V, with
experimental data. Serra-Crespo et al. report a bulk modulus of
10.9 GPa for the NH2−MIL-53(In) material.
54 Neimark et al.
Table 1. Fitted Coeﬃcients in the Free Energy Model for
CO2 and CH4 Adsorption in MIL-53(Cr) at 300 K
a
term parameters ﬁtted function
Fhost k1 kJ/mol −194.72 fourth-order polynomial in tan δ
k2 kJ/mol 651.81
k3 kJ/mol −787.20
k4 kJ/mol 327.46
term parameters CO2 CH4 ﬁtted function
Vp f 0, Å
3 803.66 779.14 sixth-order polynomial in
tan δ
f1, Å
3 −125.68 −123.95
f 2, Å
3 −526.67 −466.82
f 3, Å
3 62.17 59.14
f4, Å
3 114.90 81.50
f5, Å
3 −7.81 −7.02
f6, Å
3 −8.27 −3.63
FN a, Å
3 kJ/mol 611.87 386.62 van der Waals coeﬃcients
b, Å3 71.24 71.57
ΔU c0, kJ/mol −20.27 −18.20 sixth-order polynomial in
tan δ
c1, kJ/mol 3.10 1.48
c2, kJ/mol −10.93 −5.54
c3, kJ/mol −3.47 −5.26
c4, kJ/mol −9.29 −11.24
c5, kJ/mol 2.77 3.59
c6, kJ/mol 3.48 6.06
aParameters in the host free energy Fhost (eq 4) are independent of the
choice of guest molecules. The pore volume Vp (eq 7), interaction ΔU
(eq 8), and van der Waals parameters (a, b) are diﬀerent for CO2 and
CH4.
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ﬁnd a bulk modulus equal to 2 GPa for the lp shape and 10
GPa for the np shape of MIL-53(Cr) at a temperature of 300
K.52 Ortiz et al. calculated bulk moduli in the range 1−20 GPa
for a range of ﬂexible porous materials at 0 K.55 Our proﬁle Fhost
at 300 K gives a bulk modulus of 8.7 GPa in the lp shape, which
has an acceptable order of magnitude.
D. Free Energy FN of N Molecules. FN is the free energy
of N gas molecules enclosed in the total pore volume nVp,
where n is the number of unit cells and Vp = Vp(δ) is the pore
volume of a single unit cell, which depends on the shape δ of
the unit cell. When the gas is well described by the equation of
state of a van der Waals gas, the term can be written as the well-
known free energy expression
δ
δ
δ
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In eq 5, a and b are the van der Waals parameters; P0 is a
reference pressure (e.g., 1 bar); and μ0(T) is a reference
potential, here the chemical potential of an ideal gas at
temperature T and pressure P0. The logarithmic of nVp−bN
ensures that the maximum number of molecules in a single unit
cell is below Vp/b. This corresponds with the idea that the van
der Waals parameter b represents the volume taken by one
adsorbate molecule.
The pore volume Vp has been derived from Monte Carlo
simulations with Widom insertions for a range of shapes.56 The
pore volume fraction Vp/V is derived from the Rosenbluth
factor using CO2 or CH4 as a probe (details in S.I.). Next a
sixth-order polynomial in tan δ has been ﬁtted, which serves as
input in the free energy model
δ δ δ δ
δ δ
= + + + +
+ +
V f f f f f
f f
tan tan tan tan
tan tan
p 0 1 2
2
3
3
4
4
5
5
6
6
(6)
The parameters are given in Table 1 and Figure 5 show the
Monte Carlo pore volume Vp with the ﬁtted polynomial.
E. Interaction Energy Fint. Fint is the interaction of the N
absorbed molecules with the host material. Each adsorbate
molecule is assumed to interact by an equal amount ΔU which
depends on the shape of the host: Fint = NΔU. A sixth-order
polynomial in tan δ is proposed.
δ δ δ
δ δ δ δ
δ
= Δ = +
+ + + +
+
F N T N U T N c c
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The coeﬃcients ci depend on the temperature and the type of
molecules, with c6 > 0 to ensure divergence when the structure
collapses (δ → ±π/2).
The interaction energy of a single CO2 molecule has been
derived from Monte Carlo simulations for a range of shapes by
tracing the energy change ΔUi due to random insertions of a
CO2 or CH4 molecule in the unit cell.
56,57 The probe molecule
is inserted (and immediately removed) repeatedly at random
positions in the empty framework for Ntrial attempts, and the
average energy is calculated as ∑iNtrial ΔUi exp(−ΔUikBT)/Ntrial,
where ΔUi is determined via the Lennard-Jones potential
(details in S.I.). The coeﬃcients in the above equation are ﬁtted
to the calculated data points and are reported in Table 1. Figure
6 presents the Monte Carlo data with their error bar and the
ﬁtted polynomials for both the CO2 and CH4 molecule. The
ΔU Monte Carlo curve of CO2 shows a value of −20.5 kJ/mol
for the lp shape, while the adsorption of CO2 in the np shape is
Figure 4. Host free energy proﬁle Fhost [kJ/mol] of one empty MIL-
53(Cr) unit cell as a function of the shape at 300 K. The proposed
curve is a fourth-order polynomial in tan δ (eq 4) with two inﬂection
points (black dots). The vertical lines (red) indicate the shape of the
experimentally observed lp and np structures.
Figure 5. Pore volume Vp [Å
3] available for CO2 and CH4 in MIL-
53(Cr) as a function of the shape. Monte Carlo data (blue, with
Monte Carlo error bars) are calculated by 105 random insertions of a
molecule at 300 K using a rigid framework and a classical force ﬁeld.33
The ﬁtted curve (green) is a sixth-order polynomial in tan δ (eq 7).
The vertical lines (red) indicate the shape of the experimentally
observed lp and np structures.
Figure 6. Average adsorption energy ΔU [kJ/mol] for CO2 and CH4
in MIL-53(Cr) as a function of the shape. Monte Carlo data (blue,
with Monte Carlo error bars) are calculated by 105 random insertions
of a molecule at 300 K using a rigid framework and a classical force
ﬁeld.33 The ﬁtted curve (green) is a sixth-order polynomial in tan δ
(eq 8). The vertical lines (red) indicate the shape of the experimentally
observed lp and np structures.
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much more favorable with an adsorption energy of −37.9 kJ/
mol (−37.5 kJ/mol for the experimentally observed np
structure). Clearly, the interaction of a carbon dioxide molecule
with one pore wall (benzene linker) is favorable, and the
interaction with two pore wallswhich is the case in the np
shapeis approximately twice as favorable. Methane is found
to be less adsorbed by MIL-53. ΔU is slightly less negative in
the lp phase with a value −18.4 kJ/mol and considerably less
attractive in the np phase with a value −30.1 kJ/mol, which is in
fair agreement with the experimental value of −17 kJ/mol in
the lp phase.58 Such a diﬀerence has previously been noted
experimentally in the adsorption enthalpy as well.50 Adsorption
also seems favorable for “overstretched np” shapes, i.e., tan δ <
−1. However, such overstretched shapes only exist theoretically
because MIL-53’s free energy proﬁle Fhost rapidly increases once
δ falls below 0°, and even the favorable CO2 interactions
cannot stabilize the overstretched shapes.
F. Legendre Transform to a Constant (n, μ, P, T)
Ensemble. The transition from the constant (n, N, V(δ), T)
ensemble to an ensemble that is more closely related to the
experimental setup, i.e., the constant (n, μ, P, T) ensemble with
constant external chemical potential μ and pressure P, is
realized by a Legendre transformation with respect to the
variables N and δ, yielding the osmotic thermodynamic
potential X
μ μ δ= + + − +
δ
X n P T F F F N PV( , , , ) min[ ( )]
N
N
,
host int
(8)
The more general case of six variable unit cell parameters is
based on a Legendre transform from the constant (n, N, η ̿, T)
ensemble to the constant (n, μ, σ̿, T) ensemble, with constant
external chemical potential μ and stress tensor σ̿. Nevertheless,
the general transform simpliﬁes to the familiar −Nμ + PV
transform in the case of isotropic pressure (i.e., σij = −Pδij) and
the use of one shape parameter (i.e., δ) instead of all six
parameters, as is derived in detail in the S.I.
In section IV, our model for the free energy in eq 8 is
employed to predict the phase behavior of MIL-53(Cr) in the
following way. For a given μ and P, the free energy Fhost + FN +
Fint − Nμ + PV(δ) represents a surface in the variables N and δ.
The thermodynamically stable states of the system are the
values (N, δ) for which the free energy reaches a minimum. In
practice, free energy contours are calculated on a (N, δ) grid,
and the minima are located by inspecting the free energy
contour plots. The plot of the stable (N, δ) as a function of the
external pressure and chemical potential represents the (μ, P)
phase diagram at constant T. As will be shown in section IV, for
some pressures two stable states exists, which is the origin for
the coexistence of and/or hysteresis between the phases.
G. Comparison of the Here-Proposed Model with
Earlier Work. It is instructive to compare our approach with
the theory of Coudert et al. On the basis of a mean-ﬁeld
approach for the host atom positions, Coudert et al.
approximate this ensemble with a pseudo-osmotic ensemble,
by considering the osmotic potentials of the two phases
separately, Ωoslp and Ωosnp.
38,47,48 The osmotic potentials of the
phases were calculated by integration of hypothetical Langmuir
isotherms Nlp(μ) and Nnp(μ) in the lp and np phase,
respectively.38 The diﬀerence ΔΩos = Ωoslp − Ωosnp was
successfully used to predict the transitions (none, one, or
two) between the lp and np phase.
Here, in this paper, we refrain from splitting up the osmotic
potential into two potentials for the phases separately. Instead,
the free energy is assumed to incorporate all possible volumes,
including the lp and np volumes but also all intermediate
volumes. It is then not the diﬀerence ΔΩos that governs
whether a transition takes place, but the complete resulting free
energy surface should be inspected for the minimum free
energies. The huge advantage is that our approach can detect
the existence of multiple minima, which indicates that phases
Figure 7. Free energy contours of F + PV − Nμ (F in eq 3) of CO2 adsorption in MIL-53(Cr) at 300 K are shown for a series of pressures. In each
subplot the minimum (eq 8) is indicated with a red dot and a possible second minimum with a black dot; arrows are pointing to the minima for
clarity. Coloring goes from blue for the lowest free energy to red for higher values, covering a range of 80 kJ/mol in steps of 2 kJ/mol. Above:
schematic free energy proﬁles. The barrier in subplots 3−4 and 8−9 is responsible for the hysteresis. Below: expected phase in adsorption,
equilibrium, and desorption process.
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may coexist. In section IVA the (dis)appearance of the second
minimum is an essential argument to explain the hysteresis
between adsorption and desorption.
Miyahara et al. presented the thermodynamics of isotherm
steps in jungle-gym type materials.45,59,60 In a recent insightful
paper, they constructed a free energy proﬁle of the gating
transition between the open and closed shapes by combining a
series of GCMC simulations with thermodynamic integration
along a 3D reaction coordinate.45 Their model used two
interpenetrated jungle-gym frameworks of rods, whose relative
positions describe the accessible pore volume (without however
changing the unit cell volume), and interactions were described
with Lennard-Jones potentials. They concluded that the double
step in the isotherm is due to a structural transition changing
the pore size rather than a phase transition (condensation) of
the guest molecules. Hysteresis was stated to be the
consequence of a bistable free energy proﬁle with a barrier,
which may only be overcome if enough thermal energy is
available. Bousquet et al. proposed a Wang−Landau based
Monte Carlo sampling method to allow eﬃcient explicit
sampling of the osmotic ensemble at a given external gas
pressure, which led to free energy landscapes of a simpliﬁed
MIL-53 model as a function of the volume.43 The free energy
proﬁle of the empty host material is put forward to be a
biparabolic potential, whose two wells’ relative stability changes
with gas pressure. The hysteresis loop size depends on the
thermal energy needed to overcome the free energy barrier,
which is currently an arbitrary threshold. Our reasoning is not
based on a threshold thermal average energy but assumes a
ﬁrst-order phase transition (section IID). The system can only
change shape by a collective transition when the barrier
disappears, as if the threshold is assumed to be 0 kJ/mol.
IV. RESULTS AND DISCUSSION
First, the free energy model is used to construct the phase
behavior along the adsorption/desorption isotherm and to
rationalize the origin of the hysteresis. The external chemical
potential and pressure are here related by the equation of state
of the adsorbing gas. Second, the complete (μ, P) phase
diagram is constructed by decoupling the chemical potential
and pressure. The inﬂuence of the model parameters in Table 1
is discussed, i.e., the ﬂexibility of the host material, the
interaction between the host and guest, and the size of the
guest molecules.
A. Phase Transition in the CO2 and CH4 Adsorption
Experiment. In a standard isotherm measurement, the gas
pressure in the chamber is gradually increased. Consequently,
the chemical potential of the gas also increases according to its
equation of state. Figure 7 presents a series of free energy
surfaces of CO2 adsorption in MIL-53(Cr) at 300 K for
diﬀerent pressures, calculated with the free energy expression of
X(n, μ, P, T) in eq 8 where the equation of state P = P(μ, T)
holds. Each subplot is a free energy contour plot with the shape
(δ) and the number of molecules per unit cell (N) on the axes.
The global minimum and a possible second minimum are
indicated with a dot. At low pressure, the unit cell is almost
empty (subplot 1). There is a single minimum for the lp shape
with less than one adsorbed molecule per unit cell, as imposed
by the Fhost proﬁle. With increasing pressure, a second
minimum is created at the np shape with approximately 3.6
adsorbed molecules per unit cell (subplot 2). The free energy
of the np phase decreases with increasing pressure, thus
stabilizing the np phase (subplot 3). For a given transition
pressure Pt , the free energy of the np becomes lower than the
lp phase, making np the most stable phase (subplot 4), and for
a given, even higher pressure, the minimum at the lp phase
disappears (subplot 5), such that the system surely takes the np
shape (subplot 6). Next, the reverse phenomenon occurs at a
higher transition pressure Pt′. The minimum at the lp shape,
however, reappears with a higher number of molecules (subplot
7) and gradually stabilizes (subplot 8) until it becomes the
most stable phase (subplot 9). The minimum at the np shape
becomes less stable until it disappears (subplot 10), and the lp
shape is the only phase that remains at high pressure (subplot
11).
Our calculations thus conﬁrm that the np shape can be
stabilized by interactions of the adsorbing CO2 molecules even
if the np shape is not a stable phase for the empty host material
at the given temperature (Fhost has only a minimum in the lp
shape in the model). Since the CO2 preferably adsorbs in the
np shape, the guest material tends to shrink as soon as the
number of molecules is high enough to overcome the resistance
by the host material (ﬂexibility parameters ki ﬁguring in Fhost).
The material should be ﬂexible enough and the host−guest
interaction strong enough to see this lp→np transition. A
diﬀerent eﬀect is responsible for the opening of the structure at
higher pressures. Once the narrow pores are fully ﬁlled with
molecules, the structure needs to transform to the lp shape to
Figure 8. Calculated isotherms (adsorbed molecules per unit cell) for CO2 and CH4 adsorption in MIL-53(Cr) at 300 K. Circles and triangles
correspond to the lp and np phase, respectively. The solid red line connects the dots for which the shape/loading are at equilibrium. The remaining
dots are the second, less stable, minima. For CO2, the phase behavior diﬀers between the equilibrium, adsorption, and desorption process. For CH4,
a switch to the np phase is only possible in equilibrium, but in the adsorption/desorption process the material stays in the lp phase due to hysteresis.
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accommodate additional molecules. The larger the size of the
molecules, the sooner the transition to the large pore occurs.
Experimentally, the transitions lp↔np and np↔lp occur at
lower pressure in the desorption (decreasing P) than in the
adsorption (increasing P) isotherm measurement. This
hysteresis eﬀect can also be explained by the (dis)appearance
and (de)stabilization of the minima. For this purpose,
schematic free energy proﬁles were plotted above each free
energy contour subplot (Figure 7) to show the relative stability
of the lp and np phase. When the global equilibrium is attained,
the structure would always take the phase corresponding to the
global minimum. However, in reality the structure experiences a
free energy barrier between the minima. In the gas phase,
transitions may be thermally activated such that a barrier of the
order of kBT can be overcome in a reasonably short time. In
contrast, in the solid state all unit cells should simultaneously
change their shape, converting a barrier of kBT per unit cell into
an enormous barrier for the entire crystal. As a consequence, a
transition from one minimum to another can only take place
when the barrier disappears, i.e., when that ﬁrst minimum
disappears! This happens in subplots 5 and 10 in the
adsorption measurement (higher pressures than equilibrium
situation) and in subplots 2 and 7 in the desorption
measurement (lower pressures than equilibrium situation),
thus explaining the hysteresis between adsorption and
desorption. Our explanation diﬀers from the mechanism
proposed by Triguero et al. where the hysteresis evolves from
a coupling term between the lp and np phases, which are
assumed to be both present in inhomogeneous crystals.40
The adsorption isotherm at 300 K can be obtained by tracing
the predicted number of adsorbed molecules in the stable states
as a function of the pressure. Figure 8 shows the adsorbed
amount of CO2 or CH4 in the case of an equilibrium (red line),
adsorption, and desorption process. For each stable state, not
only the adsorbed amount is available but also information
about the shape is known. In Figure 8 the circles and diamond
symbols correspond to the lp and np phase, respectively. The
red line connects the most stable states, which is followed in the
case global equilibrium could be attained. The remaining dots
are the second minima which are less stable. In the adsorption
and desorption measurement, our interpretation of the
hysteresis prescribes that a transition to a diﬀerent phase only
Figure 9. (μ,P) phase diagram of CO2 and CH4 adsorbed in MIL-53(Cr) at 300 K. Some regions are the pure lp or pure np phase (label lp or np),
while in intermediate regions coexistence between the lp and np is possible (label lp[np] if lp is most stable phase or label np[lp] if np is most stable
phase). Chemical potential [in kJ/mol] is expressed with respect to the reference potential μ0 of an ideal gas at pressure P0 = 1 bar and T = 300 K.
(Top) The phase behavior for negative pressures has also been calculated. (Bottom) Inset on the typical experimental pressure range (logarithmic
pressure scale). The equation of state (black line) intersects with the np region for CO2 but not for CH4. The transition pressures at which the lp↔
np transitions take place are indicated in the case of an equilibrium (circles), adsorption (triangles), and desorption (squares) process.
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takes place when the stable state at the current phase
disappears. In other words, the system remains in a stable
state as long as possible, even when this state is no longer the
most stable one. Therefore, the transitions are postponed to a
higher and lower pressure, for the adsorption or desorption
isotherm, respectively. As a result, for CO2, the phase behavior
diﬀers between the equilibrium, adsorption, and desorption
process. For CH4, a switch to the np phase would only be
possible in an inﬁnitely slowly equilibrium process, but in the
adsorption/desorption process, the material always remains in
the lp phase due to the collective behavior.
B. (μ, P) Phase Diagram. Phase Diagram of Carbon
Dioxide Adsorption. The external chemical potential and
pressure act as two independent thermodynamic variables in
the osmotic ensemble. Even if in experimental setups this
decoupling is hard to realize, our free energy model is perfectly
suited to investigate the phase behavior in the complete (μ, P)
phase diagram from a theoretical point of view. This allows us,
in principle, to predict how changing the thermodynamic
control variables may induce breathing. It is also possible to
consider negative pressures, which may allow us to design new
applications for this breathing material since two decoupled
control variables are at hand instead of only one.
For a range of combinations (μ, P) of chemical potentials
and pressures the minima of the free energy surface are
inspected, and the phase is determined. The resulting (μ, P)
phase diagram is split into four regions. In the lp or np regions
only the lp phase or the np phase is stable, respectively. In the
intermediate regions lp[np] and np[lp] there is coexistence
between the two phases: in lp[np] the large-pore phase is the
most stable with a metastable narrow-pore phase, while in
np[lp] it is the opposite. A single crystal can only take either
the lp or np phase due to geometrical constraints, so the
coexistence means that a powder consists of lp crystals and np
crystals. Figure 9 shows the resulting phase diagram of MIL-
53(Cr) upon adsorption of CO2 molecules. It is clear that a np
region surrounded by a lp region is present; this is the ﬁrst
condition for occurrence of the breathing eﬀect. Moreover the
equation of state μ(P, T) of the CO2 gas cuts through this np
region, such that also the second condition for breathing is
satisﬁed. Interestingly, the (μ, P) phase diagram largely
resembles the hypothetical diagram (Figure 3) as discussed in
section II. In conclusion, our model successfully predicts the
breathing of MIL-53(Cr) under adsorption of CO2.
The van der Waals equation of state line μ(P,T) cuts through
all four diﬀerent regions, including the coexistence regions, in
the pressure range 10−4 to 1 bar (logarithmic plot in Figure 9).
The logarithmic plot in Figure 9 zooms on the low pressure
range. The frontiers of the regions are fairly horizontal because
the PV term merely takes a value of about 0.1 kJ/mol at P = 1
bar. This indicates that adding low mechanical pressure has
little eﬀectover 100 bar is needed to induce structural
changes by changing pressure. Structural changes in this
pressure range should be induced by changing the chemical
potential. The transition pressures Pt and Pt′ can be read from
the phase diagram. The equilibrium pressures at which the
transitions take place lie on the border between the lp[np] and
np[lp] region, assuming the lowest free energy minimum is
always selected. The phase transition lp↔np takes place at a
transition pressure Pt ≈ 5 × 10−4 bar and the transition np↔lp
at Pt′ ≈ 0.5 bar. In an adsorption experiment, the phase
transitions lp→np and np→lp occur on the border np[lp]→np
Figure 10. Inﬂuence of framework ﬂexibility (Fhost), host−guest interaction (ΔU), and molecule size (b van der Waals) on the phase diagram of
MIL-53(Cr). The starting point is the phase diagram of CO2 at 300 K in Figure 9. The diﬀerent terms are one by one rescaled to simulate a
diﬀerence of ±20%. (a) 0.8Fhost; (b) 1.2Fhost; (c) 0.8ΔU; (d) 1.2ΔU; (e) 0.8b; and (f) 1.2b. Chemical potential [in kJ/mol] is expressed with respect
to the reference potential μ0 of an ideal gas at pressure P0 = 1 bar and T = 300 K.
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and the border lp[np]→lp, when the lp and the np phase
disappear, respectively. The corresponding two transition
pressures are indicated on the diagram (Figure 9). Similarly,
the transition pressures in the desorption process are located on
the np[lp]→np and lp[np]→lp borders. The calculated
numerical values of the transition pressures lie below the
experimental values. On one hand the experimental setup is
prone to errors for instance because of imperfections of the
crystal fabrication. On the other hand the separation into three
parts (eq 3) and the van der Waals equation are probably too
rude approximations to achieve quantitative accuracy. Never-
theless, the qualitative picture obtained with our free energy
model is very satisfactory.
Phase Diagram of Methane Adsorption. We have also
derived a free energy model for methane following the same
procedure as in section III. With respect to CO2 few parameters
need to be changed: the van der Waals parameters a and b can
be taken from the literature, while the host−guest interaction
ΔU is obtained from Monte Carlo simulations with methane
Widom insertions at 300 K (Figure 6, Table 1). The van der
Waals parameters of CH4 are similar to those of CO2; however,
the interaction proﬁle diﬀers, probably because methane is an
apolar molecule without quadrupole moment, while carbon
dioxide has a high quadrupole moment. In our Monte Carlo
Widom insertions in the empty host, the adsorption energy of
CH4 in the lp shape is in absolute value slightly smaller than for
CO2; in the np shape it is 7.8 kJ/mol less attractive than for
CO2 (Figure 6). These diﬀerences with respect to CO2 shift the
np region in the methane phase diagram upward and to the
right (Figure 9). Consequently, the equation of state μ(P, T)
barely cuts through the np region, and the breathing eﬀect is
expected to be very limited, as illustrated in Figure 8. Indeed,
CH4 adsorption has not been observed to cause breathing in
isotherm experiments.30
The ratio of the lp versus np Henry coeﬃcients, which are
closely related to the adsorption energies, have been interpreted
as the key quantity determining the number of structural
transitions.48 A similar conclusion is found in our model: the
adsorption of the gas molecules in the np phase has to be
favorable enough compared to the lp phase to cause structural
transitions; otherwise, the framework’s limited ﬂexibility
prevents it from taking the narrow shape.
Inﬂuence of Framework Flexibility, Host−Guest Interac-
tion, and Molecule Size. In this section we investigate the
response of the phase diagram to changes of the various model
parameters. In particular the inﬂuence is studied of the host
ﬂexibility Fhost, the host−guest interaction ΔU, and the
molecule size by means of the van der Waals parameter b.
The diagrams correspond with hypothetical systems but are
nevertheless useful to explore the importance and eﬀect of each
parameter. The reference diagram is the CO2 adsorption in
MIL-53(Cr). Figure 10 shows the diagrams when imposing
deviations of ±20% with respect to the reference parameters.
First, multiplying the host free energy Fhost with a factor of
0.8 makes the framework 20% more ﬂexible. In Figure 10a, the
entire phase diagram is shifted to the left. In the right bottom of
the diagram the transition lp→np takes place at lower pressure,
consistent with the idea of a more ﬂexible (rigid) framework.
Even if the size of the np region remains the same, the
intersection with the equation of state becomes larger when
shifted to the left, which means that the np phase is present
over a larger pressure range in the isotherm experiment. Indeed,
a very ﬂexible framework is expected to transition to its np
shape easily. Multiplying Fhost with a factor of 1.2 makes the
framework more rigid. The phase diagram shifts to the right in
Figure 10b, and the transition of the lp to the np phase takes
place at higher pressure.
Second, multiplying the host−guest interaction ΔU with a
factor 0.8 shifts the np region to the right and upward (Figure
10c), indicating that more pressure or a higher number of
adsorbed molecules is required to close the structure. Since the
average adsorption energy per molecule is lower, it takes more
adsorbed molecules to overcome the framework resistance.
Moreover, the np region shrinks in size such that the equation
of state curve barely intersects the np region. The occurrence of
breathing is less probable with molecules that have a weak
interaction with the host material. Increasing the interaction by
multiplying ΔU with 1.2 shifts the np region to the left and
downward (Figure 10d). The size of the np region increases
considerably. Apparently the structure easily closes because of
the favorable interactions in the np phase. The structure ﬁlls up
more quickly than in the reference diagram such that it opens at
a lower pressure. Thus, a gas with relatively strong host−guest
interaction is a likely candidate molecule to induce breathing in
ﬂexible materials. However, breathing may still be prohibited
despite the strong interactions. A ﬁrst reason is when the
interaction is extremely strong: the lp phase at the bottom of
the diagram is reached only with extremely low pressures,
which might be experimentally unachievable. A second reason
is when the interaction proﬁle diﬀers qualitatively from the one
of CO2 and a preferable adsorption in the np over the lp phase
is lacking, such that the resulting phase diagram might look
diﬀerently alltogether.
Third, multiplication of the b van der Waals parameter in FN
with 0.8 decreases the size of the gas molecules. A particular
value for the chemical potential μ corresponds to a higher
particle density for the smaller molecules than for the reference
molecules. A higher particle density also implies a higher
amount of adsorbed molecules since the energetics (parameter
a in Fhost, ΔU) remained untouched. More small molecules ﬁt
into the narrow pore. Each molecule contributes to the
stabilization of the np phase by an amount ΔU such that the np
region is more prominent in the diagram. Consequently, the np
region shifts to the left and is elongated (Figure 10e). In
contrast, multiplication of b with 1.2 decreases the size of the
np region (Figure 10f). With larger molecules there might not
be enough space in the narrow pore to adsorb all molecules
needed to overcome the resistance of the framework, thus
suppressing breathing.
V. CONCLUSION
The chemical potential and the pressure are two independent
thermodynamic variables which in most experimental setups
are related by an equation of state. By removing this constraint,
we have proposed a complete (μ, P) phase diagram for ﬂexible
porous materials. A free energy model has been developed
which incorporates the key factors to describe the thermody-
namics of the breathing phenomenon: (1) the resistance of the
host material to deformations, i.e., the empty host ﬂexibility, (2)
the host−guest interaction, where breathing requires a more
favorable adsorption in the np compared to the lp phase to
induce the closing of the structure, and (3) the fact that pores
can be “full”, which initiates the reopening of the structure to
accommodate more molecules with increasing pressure. The
parameters of this free energy model are ﬁtted based on a
combination of experimental and simulated Monte Carlo data.
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By inspection of the minima of the free energy, the phase
behavior of MIL-53(Cr) during a CO2 isotherm experiment is
explained. With increasing pressure, a second minimum is
created, stabilizes, destabilizes, and disappears due to the
balance between the mentioned thermodynamical key factors.
Moreover, the free energy contours nicely show the
thermodynamic cause of the hysteresis eﬀect, when it is
assumed that all unit cells of a crystal need to transform
simultaneously. Further investigation is however needed to
support our hypothesis of collective behavior and to construct
reliable free energy proﬁles of the empty host at ﬁnite
temperature.
Despite its simpleness, our free energy model succeeds in
discriminating between the phase behavior upon CO2 and CH4
adsorption in MIL-53(Cr) at 300 K. A more detailed study of
the model parameters gives insight into their inﬂuence. If the
adsorption energy proﬁle as a function of the shape is similar to
the one of CO2, the breathing eﬀect is expected to be more
prominent for more ﬂexible materials, when adsorbate
molecules have stronger host−guest interaction, and for smaller
adsorbate molecules.
The methodology is not only valid for MIL-53(Cr) but also
generic and should in principle work for a broader range of
breathing materials. The model is expected to perform well
when no adsorption sites with very diﬀerent strength occur in
the pore. In the presence of distinct adsorption sites, the
homogeneous description of the adsorbed gas molecules with a
van der Waals equation of state and the same average
adsorption energy per molecule might fail, and an extension
of the model might be required. The ﬁrst logical extension
would be to test the new model on a series of MIL-53 materials
with other metals at the nodal points and simulate whether
breathing is observed. The free energy proﬁle of the empty host
material would need to be recalculated, as changing a metal
inﬂuences the ﬂexibility of a material.55 The interaction proﬁle
would also need to be recalculated using another metal at the
chromium position. Our methodology can also be applied on
structures with MIL-53 topology but longer or functionalized
linkers (e.g., MIL-53-NH2,
10,28 COMOC family61), on other
MOF families (e.g., DMOF-142), or on adsorption with other
gases can be investigated.
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